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A  Omitted Proofs

A.1 Explicit Expressions for the Value Function

The expressions for the baseline model are obtained by setting A = A and A = 0.
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A.2 Proof of Proposition 1

Proof of Proposition 1. (a) Note that by Lemma 4, p* and p* are given by the intersection
of U(p) and U(p). Since U(p) is independent of r and ¢ and U (p) strictly decreasing in
both parameters, the experimentation region expands as r or ¢ fall. As (r,¢) — (0,0), we
have U (p) = U(p) for p € {0,1}, hence the experimentation region converges to (0,1) in
the limit.

(b) The dependence of p* and p* on uit and u? is straightforward from the expressions



for the cutoffs in (16) and (17), where we set A = 0 for the baseline model (note that
p* > 0 implies that the numerator of p* is positive).

(c) By Lemma 4, p* is the intersection between Uy (p) and U(p). The former is inde-
pendent of u7' and the latter is increasing in u2. Hence op*/ ou < 0. Also by Lemma 4,

p* is the intersection between U, (p) and U (p). In the baseline model we have

Ia(p) A 9U(p)
—p>r+)\p— oust

This implies that 9p*/du < 0. The comparative statics with respect to up is derived
similarly.

(d) We prove 9p/du;' > 0, the other case follows from a symmetric argument. Consider
Ve(p). Since the right branch of the contradictory value function is obtained from a
strategy that takes action b only if a signal has been received, its value is independent of
u;'. (This can also be seen from (2) if we set A = 0 for the baseline model). On the other
hand we have 9V ,(p)/0ui* > 0 from (1) (again we set A = 0 for the baseline model).
Therefore the point of intersection of V., and V. is increasing in uj'.

(e) Tt is clear from (24) that c is increasing in u;' and uZ. Therefore, it suffices to
consider the case that ¢ < ¢. We prove that p — 0 monotonically as uj' — —oo. If
a confirmatory region exists, p € (p*,p*) is defined as the unique intersection between
V.;(p) and V,(p). Note that V ;(p) is independent of u;' since the confirmatory strategy
never leads to a mistake. V ,(p) is given in (1). Setting A = 0 and A = X we have After

some algebra we get

_dugpr — Ae(1—p) —er )\c—i—uffr 1—p\?* c+uPr ;(1_)
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Note that (c+ufr)/ (uiX —ui' (r+A) —¢) = p*/(1 —p*) > 0. Hence V,(p) is

monotonically increasing in u;'. Moreover, Lemma 2 shows that V,(p) crosses V. (p)

from above at p. Since V.; is independent of ui' this implies that of p is monotonically

increasing in ;.

Since p is bounded from below, there exists ¢ = limubA 0P < p*. Suppose by
contradiction that ¢ > 0. Notice that for p € [¢,p*], V..(p) — VI™(p) as uf — —oo,

~ct

where
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(r+X)r

Note that the convergence is uniform on [g, p*] since ¢ > 0. Simple algebra yields

Vit (p)

V') < U(p)
Vi () < T (p)



Lemma & therefore implies that V...(q) > Vim(g) which is a contradiction and we must

have ¢ = 0. The proof for p is essentially the same. O]

A.3 Proof of Proposition 2

Proof of Proposition 2. For this proof, we adopt the same notation as in the proof of
Theorem 1, that is ( = ¢/ and 6 = r/\.
(a) We have

ac (o) utupP — uub

_ a

00 (ud +up) — (uj +uf)

and hence sgn (9¢ (0) /00) = sgn (ug'ul — ufuf). 1t is straightforward to verify that

a

U(p) > 0 if and only if u/uf — utul > 0.

a

(b) Denoting Z(0) := (1+6)/ (1 +(1+ 20)%> we have

OQ(Q) B Z'(0) (u:l4 — ugj‘) — uf if (Z(0) —0) (u;4 — uf) — Z(0) (ug)4 — uf) ,
B 20) (uf —uf) —uf it (20) = 0) (u —uf) = 2(0) (u! = uF) >0
Consider the first case. Since Z'(6) € (0,1/2),
Z'(0) (u;1 — ubA) — uf < % (ujl4 — uf) — uf = —% (ujl4 + uf)

Which is negative if u7' > |ug‘} Conversely, if u;' is sufficiently negative Z'(0) (ug — uj') —

u?t > 0. The argument for the second case is similar. []

A.4 Proofs for the Single Experimentation Property

Now we want to prove that (NSEC) is sufficient for the SEP. To this end, consider the
problem of a decision maker who is not forced to take an action after the first signal
that she receives. We call this the multi-experimentation problem. We have the following

result.

Proposition 8. If (NSEC) holds, then the value function V (p) in (6) coincides with the

value function of the multi-experimentation problem.

Proof of Proposition 8. The HJB equation for the multi-experimentation problem is the

following variational inequality:

ar(p) (V(¢*(p) = V(p))
max o —¢ = rV(p) + max § +(1 = a)A%(p) (V(a®(p)) = V(p)) ¢ Up) = V(p) 0 = 0.
7 — (204 = 1) 6p(1 — p)V'(p)
(6)



We first show that V(p) is a viscosity solution of (7). If (NSEC) holds, then this coincides
with (7) for all p € @*,ﬁ*}. For p ¢ []_9*,]_9*} on the other hand, the optimal strategy for
(6) yields V(p) = U(p). We need therefore need to show

c+rUy(p) > max

ae{0,1}

{OMA(p) (V(g*(p) — Uslp)) + (1 = a)XB(p) (V(¢®(p)) — Ub(p))}
— (204 — 1) 5p(1 — p)Uy(p) ’

where we have used the linearity in « to restrict attention to @ € {0,1}. For @ = 1, and
p > ¢%(p*) we have

c+rUy(p) = M (p) (Ua(g™(p) — Us(p)) — dp(1 — p)Uj(p).

This is satisfied since V' satisfies (7). Similarly for p < ¢”(p*). It remains to consider

p € (¢®(p*), ¢ (")) where we have

c+rUy(p) > M(p) (V(g* () — Us(p)) — 6p(1 — p)Uys(p)
= c+rU(p) = M) (V' () — Ulp)) + A2(p) (Us(¢®(p)) — Us(p))
= ot (r+ A+ X)) U(p) =2 M0V B) + N (0)Us(¢” (p))
= c+ (r+A+X) U(p) = XU () + M (0)Ui(q () (7)

It is easy to verify that both sides of (7) are linear in p. Hence it suffices to check that
it holds for p = ¢®(p*) and p = p* > ¢®(P*). At p = ¢®(p*) we have U(qA(p)) = Us(p*)
and some algebra shows that (7) is equivalent to (EXP) and (¢”(p*), ¢®(p*)) # 0 only if
(EXP) is satisfied. For p = p* we have Uy(p*) = ﬁ(@*) Inserting this into (7) and some
algebra shows that (8) at p = p* is equivalent to (27) and therefore satisfied if (NSEC)
holds. We have therefore shown that V(p) is a viscosity solution of (6).

The value function must necessarily be a viscosity solution of (6) (see, e.g., Theorem
10.8 in Oksendal and Sulem, 2009). While we are not aware of a statement of sufficiency
that covers precisely our model, the arguments in Soner (1986) can be easily extended
to show uniqueness of the viscosity solution to (6). This proves that V(p) is the value

function of the multi-experimentation problem. n

For completeness we consider a relaxed problem where the DM observes all signals, i.e.
«a = [ =1, and only has to decide when to stop, she may decide to stop at any point based
on the history of signals that have arrived so far. In particular, she is not forced to stop at
the first signal. We call this the full attention stopping problem. Clearly the value function
is an upper bound for the Value function of both the single-experimentation version and
the multiple-experimentation version of the DM’s problem. We do not use the following
Lemma in the proofs of Theorems (1) and (2) but it is useful since it demonstrates that at

p* and p*, the DM with limited attention achieves the same value as a DM with unlimited



attention.

Lemma 9. If (NSEC) and (EXP) are satisfied, the value function of the full attention
stopping problem is 17(p) = max {U(p), ﬁ(p)}

Proof. The HJB equation for this problem is

max { (M @)V (¢ () + MOV (") = (c+ 0+ X+ 2DV ) V) - V(p) } <0.

If (NSEC) holds, we have V(¢(p)) = Ua(¢*(p)) and V(¢B(p)) = Uy(¢®(p)) for all p €
[p*,7*]. Therefore the HJB equation is satisfied for Vip) =Ulp).

It remains to show that

for p ¢ @*,g‘)*}. We first consider p € [qB ("), ]_)*]. In this case (8) is equivalent to
¢+ (r+ A+ )Us(p) = X (p)Ua(g” (p)) + X2 (0)Us(¢” (p))-

Some algebra shows that this inequality is equivalent to p < p*.
Next consider p < ¢”(p*). In this case, we have v(qA(p)) = Uy(¢”(p)) and the RHS
of (8) is

M) Us(q*(p)) + A2 (0)Us(q®(p)) = (A + A) Up(p) < ¢+ (r + X+ A Us(p).

Hence (8) is satisfied for p < ¢ (p*).

Finally consider p € [QB(Z_?*)a q° (]3*)} In this case (8) is equivalent to
¢+ (r+ X+ N)Us(p) = M ()T (0% ()) + A 0)Us(a% (p)- (9)

This holds by exactly the same argument as for (7) in the proof of Proposition (8). This
proves that XA/(p) = max {U(p), ﬁ(p)} O

A.5 Stochastic Choice Process
A.5.1 Proof of Proposition 3

Proof of Proposition 3. Without loss, fix any p € (p, p), and consider a history that results
in the DM choosing a. The DM’s belief at the time of choosing a must satisfy ¢ > ¢4(p*).
The same action can be chosen starting from p’ € (p*, p) U (p,p*) in two different cases:
either (i) the initial belief is p’ € (p*,p) and an A-signal is obtained; or (ii) the initial
belief is p’ € (p,p*) and no signal is observed until the belief drifts to p*. In case (i),



p' < p and hence ¢*(p') < ¢*(p), so the result follows. In case (ii), the result holds since
7" < ¢*(p*), by SEP. O

A.5.2 Proof of Proposition 4

Proof of Proposition /. At p* the DM uses o« = 1/2. Hence the arrival rate of a sig-
nal is(A —l—X) /2 and the expected delay until the DM takes an action is given by the

expectation of the exponential distribution:

T(p):M—X-

For py € (p*,P)
t _
7(po) = / s(p/\e_’\S +(1-— p)Ae‘As)ds + (pe_)‘t +(1-— p)e_ét)(T(pt) +1).
0
Differentiating both sides by ¢ yields
0 =(pe ™ + (1 = p)e ) (7' (p)pr + 1) — (pe ™ + A1 — p)e )7 (p1)

and evaluating at t = 0 gives:

;o 1= (Qp+ A1 —p)7(p)
)= p(1—p)d

Solving this differential equation with boundary condition 7(p*) = 2/ (A + A) and some
algebra yields

A
™(p) <0 <= p'<——.
(») P
Moreover the right derivative of 7 at p* is given by

2(Ap* +A(1—px)) .
1- A . (1 —2p )

prl=p)d pr(1-p) A+ A)

T(pL) =

Using similar steps for py € (p, p*) we have

and



The left derivative of 7 at p* is given by

200" +A(1—p*))
R (1-2p")

prA=p)  p(l-p)(A+A)

T(ph) =

Since T is concave on (p,p*) and (p*,p) and 7/(p*.) = 7/(p},), T is concave on (p,p).
To show that 7 is quasi-concave, it remains to show that 7 is decreasing on [p, D]
and increasing on []_9*, Q} Since the argument is essentially the same for both cases, we

consider [p,p*]. The expected delay implied by the contradictory strategy is
T (p) o . e,
7(p) = / s(pAe™ + (1= p)he™)ds + (pe > W 4 (1 = p)e™ O)T(p).
0

where T (p) is the time it takes for the belief to reach 7* in the absence of a signal if the
DM follows the contradictory strategy (i.e., seeks B-signals). Since T' (p) is decreasing in
p we have

™(p) = (pe T+ (1= p)e )T (p) <0,

Therefore it remains to show that 7(p_) > 7(p,) .
If at p, the DM follows the contradictory strategy, she enjoys the payoff of

L 7" (p)
e”@m_ﬂwmuw+4 e (Un(an(£)R(t) — e(1 — H (1)),

where H is the distribution of time at which the DM makes a decision, and g,(t) is the

posterior she has at ¢ after observing B-signal.

Let 7 -— = ) (1 H(T))
T e T @ A—H(T)+ [T P erth(t)dt]

ST ® e=rth(t)g (1)

dt )
= . We can rewrite the
S @) e=rtn(t)dt

and ¢, :=

payoff as

Y
*
S

Y T"(p)
@”T@O—H@»+A aﬂmwmum@w+u—@mmm—cl e — H(t)))dt

ek

T" (%) T (p)
:ﬂ—rA e”a—H@WMM%@ﬂ+O—wﬂM%H—QA e (1~ H(1))dt

where the second equality is obtained by integration by parts. Since b decisions are made
sooner, the discounting overweights ¢, relative to p*, so in general p > xp* + (1 — z)q. If
r = 0, then the martingale property will mean that p = 2p* 4+ (1 — ). The expression
for the payoff reduces to:

p)

T(
nm@ﬂ+a—@m@m—cA (1 - H(1)))dt. (10)

Suppose instead that the DM follows the confirmatory strategy. In this case her



expected payoff (for » = 0) is given by

/Ooo (9(O)[2Ua(ga(1)) + (1 = 2) Us(gy(1))] — (1 — G(2))) dt,

where G is the distribution of time at which the DM makes a decision, z; is the probability
that the decision is a, ¢,(t) and ¢, (t) are the posteriors she has when choosing a and b,
respectively, at t.
— [® . Joo zaa(t)g(t)dt — . Jo (—2)q (t)g(t)dt : :
Let y :== [," zg(t)dt, @, == W, and g := = wonai - Using the linear-
ity of U,, we can rewrite the confirmatory payoff as

WU + (1 — )Un(@))] — / T ). (11)

By the martingale property, we have yq, + (1 — y)q, = po.

Proposition 3 implies that ¢, > p* and ¢, < @, so the distribution of posteriors
under the confirmatory strategy is a mean-preserving spread of the distribution under the
contradictory strategy. This means that the first term in (11) exceeds the first term in

(10). Since at p, the DM is indifferent between both strategies we must have

/OT(1 ~H())dt < /000(1 G,

i.e., the DM will take a longer time for decision if she chooses a confirmatory strategy
instead. This proves case 2 of the Proposition for » = 0. By continuity the result extends
to r in a neighborhood of zero. For case 1, it suffices to invoke the argument used for

(p,p*) for the whole interval (p,p"). O

A.5.3 Proof of Proposition 5

Proof of Proposition 5. Take a DM with a prior py € [p*, p|U[p*, p]. Since the belief drifts
down in the event of no decision (i.e., no discovery), conditional on choosing a, a later
decision is associated with a lower posterior, hence a lower probability that a is the right

decision. A symmetric argument proves the second statement. ]



i 1
state A rhetoric (A-fav%)ring) - state A rhetoric (B-favoring? -

no factual information A-evidence no factual information A-evidence
1 1
state B rhetoric (A-favoring, - state B rhetoric (B-favlbring) -
' '
no factual information B-evidence no factual information B-evidence

(a) moderately right-wing medium (o = 1/3) (b) moderately left-wing medium (o = 2/3)

Figure 1: Content of news media with different bias. Labels below the bars describe
the information the medium has learned. Colors and labels inside the bars describe
informational content (the message) published in each case.

B Micro foundation of Media

In this section we provide a more detailed description of media of various type. Remember
from Section 4.2, that each medium publishes content that is interpreted by the voter as
three possible messages: (i) factual information in favor of A, (ii) factual information in
favor of B, and (iii) partisan rhetoric. In Section 4.2, we have described the two most
extreme media the right-wing medium a = 0 and the left-wing medium o = 1. Now we
also describe the messages receive by media with intermediate bias a € (0,1). Figure 1
depicts the case of a moderately right-wing medium (Panel (a)) and a moderately left-
wing medium (Panel (b)). In contrast to the extreme media, these outlets publish content
that sends all three messages, but the rhetoric is still in favor of their bias and voters will
find more factual information in favor, say the left-wing candidate if they subscribe the
moderately right-wing medium.

To provide a foundation of the bias of a news medium and the content it sends, we
assume that each medium is composed of N journalists and we interpret « as the fraction
of left-wing journalists employed by the medium. For example the purely-right medium
a = 0 employs no left-wing journalists. An individual journalist ¢ has access to factual
information confirming each state at rate A/N, where N is the number of journalists
employed by a medium. The journalist will always write about factual information when
he learns about it. In the absence of factual information, however, he will produce a
partisan rhetoric in favor of her preferred candidate, and voters cannot distinguish between
rhetoric and factual information. Hence, a voter who reads an article written by a right-
leaning journalist effectively receives one of two messages: (i) a B-message which is factual
information in favor of B, or (ii) an A-message which could be either rhetoric or factual
information in favor of A. A left-leaning journalist is modeled analogously. Figure 2
depicts the messages sent by right- and left-learning journalists in the two states.

A medium that only employs right-leaning journalists (a« = 0) therefore sends B-
messages when there is conclusive evidence in favor of the left-wing candidate. Otherwise,
it sends A-messages which causes a voter to gradually revise her belief in favor of the right-

wing candidate. A-messages correspond to “no discovery” in the baseline model. Hence,

10



1
state A rhetoric (A-favori!ﬂg) state A rhetoric (B-favoring) -

no factual information A-evidence no factual information A-evidence
1
state B rhetoric (A-favoring) - state B rhetoric (B—favorilhg)
no factual information B-evidence no factual information B-evidence
(a) right-learning journalist (b) left-leaning journalist

Figure 2: Bias of journalists

for a DM with high p, subscribing to the news channel o = 0 corresponds to contradictory
learning.

A more moderate news-paper a € (0, 1) employs both right- and left-leaning journalists
and thus produces both A-evidence and B-evidence. We assume the voter knows the
bias of each journalist within a medium «. She therefore interprets articles of right-
(left-)leaning journalists in the medium as sending either strong B- (A-)messages. In
the absence of strong messages, the mix of weak messages the medium publishes will
increase (decrease) her confidence in candidate A in a more right-leaning (left-leaning)
medium. Updating is precisely as in the case of no discovery in the baseline model. A
voter who reads a right-wing medium (« < 1/2) is more likely to receive convincing
factual information in favor or the left-wing candidate, but they are more likely to hear
the rhetoric favoring A from right-leaning journalists (who outnumber the left-leaning

journalists).

11



C Third Action

In this Appendix, we extend the model in Section 5 to include a third action x = ¢ which
yields utilities ug' € (ug', ug
assume that for some p € (0,1), U.(p) > max{U,(p), Us(p)}. Otherwise the DM would

never want to take the third action and the problem would be identical to the baseline

) and uZ € (uZ,uf). To make this extension interesting we

model. To simplify the analysis we also assume that U,(p*) > U(p*), U.(p*) < U (p*), and
Uc(p*) < (7(}_9*) where U(p), ﬁ(p), p*, p*, and p* are defined as before.

In this case, the confirmatory strategy as we constructed it in the baseline model is
no longer optimal. Indeed, at p* it is dominated by taking action ¢ immediately. We

therefore modify the confirmatory strategy to to the following structure:

| ———— D P ——— |
a=0 immediate action ¢ a=1

Note that the absorbing belief p* is now replaced by an immediate action region for
action ¢ with boundaries p, and p*. These are obtained by indifference conditions that
resemble those used to define p* and p*. For this purpose let is defined two beliefs p; and

po at which the DM is indifferent between a and ¢ and b and ¢, respectively.

Ua(ﬁl) = Uc(ﬁl) and Ub(ﬁz) = Uc(ﬁz)-

Given our assumption we have p; < po. We define

p*:=1inf {p € (P1, p2) | Uc(p) > 0 and ¢ + rUc(p) < A (p) (Ua(q™(p)) — Ue(p)) — dp(1 — p)Ul(p) } -
(12)

P = sup {p € (p1,p2) | Uc(p) > 0 and ¢+ rUc(p) < XP(p) (Us(¢” (p)) — Ue(p)) + op(1 — p)Ui(p) }
(13)

Note that is action b in the baseline model is replaced by ¢, we can apply Lemma 4 to

characterize p* as the intersection of U,(p) and

M (p)Uala* () + N (0)Ue(a® (@) — ¢

T (p) A
Q r+A+ A

Similarly, p. is characterized as the intersection of U.(p) and

0 (p) = -

12



The cutoffs are given by

(uf —uB) N+ ulr+c
(B —ud) + (ud —ud) N+ (uB —uB) A
(ubB—uf))\—ufr—c

b= r(uA—ucB)—F(uf—ucB)X%—(uA—uf)A'

Cc Cc

To simplify the analysis further, we focus on the case that p, < p*. In this case, the value

of the modified confirmatory strategy is given by:

%(p;ﬁ*aUc(ﬁ*))a for p < p.,
ch(Z?) = UC(p)7 fOI'p € (ﬁ*aﬁ*>7
Vilp;p*, Ue(p®)), for p > p..

The Lemmas leading to the upper envelope characterization of the value function in
Theorem 2 depend on the properties of branches defined by particular solutions to (12)
and (13). Therefore the same steps can be applied in this extension and we obtain that

the value function of the extended problem is given by:

V(p) = max {Va(p). Ves (p) } -

13



D Signals with Varying Arrival Rates

As an extension to the baseline model in Section 2, we show that the general structure of
the solution is preserved in a model with a richer set of news sources which allows us to
capture the trade-off between skewness and informativeness discussed in Section 4.2.

A news source is now characterized by two parameters (A4, \?). If an amount of
attention « is directed to a news-source given by (A%, AP), the DM will receive a signal
that confirms state A with Poisson arrival rate AMa if the state is indeed A and she will
receive a signal that confirms state B with Poisson arrival rate Aga if the state is B.
Hence, when allocating her attention over two news sources with parameters (A4, \P)
and (A, \P') with attention levels a and o/ = 1 — a, the DM will receive a signal that
confirms A with Poisson rate A" = a\ + (1 — )M\, and a signal that confirms B with
Poisson rate Ag = aA\? 4+ (1 — a)AP’". The set of feasible arrival rates (A4, \?) is thus a

weakly convex subset of R, that is given by the weakly concave upper bound I'(A\4):
{(VAP) e Ry AP <T (WY}

Note that in the baseline model studied before we had I'(A\4) = A — A4, which is the linear
boundary that is spanned by the two primitive news sources given by (A,0) and (0, \).
Clearly, the DM will only chose arrival rates (A%, T'(A*)) so we can describe her choice
by M. To simplify the notation we omit the superscript and write \ instead of \4.
Moreover we assume that A € [0,1]." We maintain the following assumptions about the

function TI'.

Assumption 1. T': [0,1] — [0, 1] is twice continuously differentiable, strictly decreasing,
strictly convex, and satisfies I'(0) = 1, T'(1) = 0 and I"(y) = —1, where v is the unique
fixed point of T

Example 1. A parametric example that we will use for numerical calculations is obtained
by solving p (A +T) + (1 — p) (A\? + F2)1/2 = 1, where the parameter p € [0, 1] determines
the curvature of I'. For p = 1, we obtain the baseline model and for p = 0, the graph of

I' is a segment of a circle.

D.1 The Decision Maker’s Problem

The DM’s posterior evolves according to

Pe=—p(1—p) (A —T(\)) (14)

!The normalization of the upper bound is without loss of generality since only the ratios r/\ and ¢/\
matter.
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The objective is given by

T —rt A B "
T ((M)s0, T po) ::{fo e Py(po, (Ar)) (pdeud + (1 — pr)T(A) b)dt})

+e T [poe’AT +(1-— po)e’A ] U(pr)

where Pi(po, (\;)) :=poe = Jo Asds + (1= po)e — JET(\s)ds
The DM solves the problem (P') given by:

V(po) := ( sup )J(()\t)t>0,T;p0) s.t. (14), and A\, € [0, 1]. (PY)
(M)e>0,T

We define

: _ (gl = V() + TN = p) (u) = V(p))
V) V) 2= { —p(1—p)(A =TV (p) }

The HIB equation for (P") is

c+rV(p) = Jmax H (p, Vi(p),V'(p), A) (15)

The first-order condition is given by

OH(p,V(p),V'(p).\) _ {p (ue = V() +T' N = p) (uff - V(p))} _o0. (16)
B\ —p(1 —p)(1 = T"(A)V'(p)

For a given policy A(p), we obtain the differential equation

c+rv<p>=H<p,v<>V'<> AD) a7
v — AP (= V() + T((P)(1 = p) (UE—V(p))}
= etV { L )

As in the baseline model, we will define two candidate value functions. For this
purpose, we state the HJB equation for problems in which the DM is either restricted to
choose \ > 7,

C+TV+(p) = maX)\G['y,l] H(p7 V+(p)7v-|/—(p)7>‘)a (18)
or A <y
C+TV_(p) = IMaXxeo,y] H(p7 V_(p),Vi(p),A) (19)

we denote policies corresponding to solution to (18) and (19) be A, (p) and A_(p), respec-
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tively.

D.2 Preliminary results

We first revisit some definitions made for the baseline model and the generalization in
Section 5. The stationary strategy is now given by choosing A = ~ until a signal arrives
and then taking an optimal action according to the signal. The value of this strategy is

now given by

— Y « C
Up) = ——U*(p) —
(p) = U 0P) =

where

U*(p) = pu + (1 — p)uy

is the first best value that is achieved if the DM can learn the state without any delay.
As in the baseline model, we obtain a crossing condition for functions that satisfy (18)
and (19) and a condition under which solutions to (18) and (19) satisfy (15).

Lemma 10 (Single crossing). Suppose Vi (p) is C' at p and satisfies (18) and V_(p) is
Cl at p and satisfies (19). If Vi(p) = V_(p) > U(p), then VI (p) < V' (p).

Proof of Lemma 10. Suppose V(p) := Vi (p) = V_(p) > U(p) at p and denote the maxi-
mizers in (18) and (19) by A, (p) and A_(p) respectively.
From (18) and (19), we obtain

p(1=p) T A=) = A-(p))At(p) = T\ () (V' (p) — Vi(p))

A(p)
W) - 1
=(0(p)r+ Ap)) |V(p) — A(p)p U+ Alp) ¢
i TT G T

where

o(p) =T'(A-(p)) — A-(p) + A (p) =T (A (p)) >0,
A(p) =2 ()T (A (p) = A ()T (A4 (p)) > 0,

Since A4 (p) > v > A_(p).

The inequality can be seen as follows. First, one can verify that (A(p)/d(p), A(p)/d(p))
is the point of intersection between the forty-five degrees line and the line segment be-
tween two points, (A_(p),T'(A_(p))) and (Ay(p),T'(A+(p))). Since I' is concave, we must
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have A(p)/d(p) < ~. Since §(p), A(p) > 0, and and since V(p) > 1+1"/7U*(p)7 the last

expression is non-negative, as was to be shown. ]

Lemma 11 (Unimprovability). (a) Suppose Vi (p) is C' at p and satisfies (18). If
Vi(p) > max{U(p),U(p)}, then V, (p) satisfies (15) at p.
(b) Suppose V_(p) is C' at p and satisfies (19). If V_(p) > max{U(p),U(p)}, then
V_(p) satisfies (15) at p.

Proof of Lemma 11. We prove the first statement; the second follows symmetrically. Sup-
pose the optimal policy satisfies A, (p) > 7. By the condition, it is not improvable by an
immediate action or by any A > ~. Hence, it suffices to show that it is not improvable by
any A < 1.

Substituting V7 (p) from (18) and rearranging we get

H(p, Vi(p),Vi(p), A\s) — H(p, Vi(p), Vi (p), \-)

N N Ap)
(p)r + Alp) - 1
= Vi(p) — = U+ — cl,
o) -Towe) | T e,
o(p) o(p)
d(p)r + A(p) -
%)~ Ty @ O
where
0(p) =T (A) = A+ A (p) = T(A+(p) and A(p) := Ay (p)T'(A) — AT(A(p),
The inequality follows from the same observation as in the proof of Lemma (10). [

Before constructing the value function for (P"), we make one general observation about
the boundaries of the experimentation region and the value of obtaining confirmatory
evidence at the boundaries.

For this purpose we consider a model in which the DM has full attention. In this case
we have A = 1 = AP and the DM only chooses when to stop. Note that Assumption 1
precludes the DM from choosing A* = 1 = A so the full attention model only serves as
a hypothetical benchmark.

We have established in Lemma 9 that the value of this problem is given by

V(p) = maX{U(p)ﬁ(p)},

where |
~ c
Ul(p) = U*(p) — .
(p) r+1 (p) r+1

Lemma 9 requires that (NSEC) is satisfied but since we consider a model with conclusive

signals in this section, this condition is vacuous. Moreover, we note that by Assumption
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L, (A T(N) < (1,1) for all A € (0,1). Therefore, XA/(p) is an upper bound for the value
function of the problem (P').
Remember that in the baseline model, the boundaries of the experimentation region

are given by the points of intersection between U(p) and U(p):

U(@*) = Ua(p") (20)
U(p*) = Uy(p*) (21)

If (EXP) is satisfied, we have p* < p*. We now show that the value of (P") is equal to
V at these boundaries. This immediately shows that p* and p* are the boundaries of the
experimentation region in (P). Moreover, we show that under Assumption 1, at these

boundaries, the DM does not benefit from interior choices A € (0,1).

Proposition 9. Suppose (XP) is satisfied. Then p* and p* given by (20) and (21) are
the boundaries of the the experimentation region for the optimal solution to (P'). At p*
and p*, the value of (P') coincides with the value of the baseline model and equals XA/(p)
The loss of restricting the DM to chose A € {0,1} vanishes as p | p* and p 1T p*.

Proof. If the DM is restricted to chose A € {0, 1}, her optimal strategy coincides with the
optimal strategy in the baseline model. The value of the baseline model is a lower bound
for the value of (P"). Since at p* and 7* the value of the baseline model coincides with

the upper bound ‘A/(p), it must also coincide with the value of (P"). O]

Note that while Assumption 1 requires I'(A) < 1 for A > 0, it does not rule out an Inada
condition like limy_,o IV(\) = 0. This shows that at the boundaries of the experimentation
region, the value of a confirmatory signal is zero even if it is cost-less to obtain. We will
see below when the characterize the value function that without an Inada condition, there
exist neighborhoods of p* and p* such that the DM does not suffer any loss if in these
neighborhoods she uses A = 1 and A = 0, respectively.

D.3 Construction of Solutions to the HJB equation

For the remainder of this section, we will focus on the cases that the payoffs are symmetric.
This simplifies the derivations and is sufficient to understand the main features of the

optimal solution in the extension. Formally we impose:

B

Assumption 2. There exist u > u > 0 such that v} = uf =70 and uj' = uk

In contrast to the baseline model, it may now be optimal to choose A € (0,1) for
beliefs p € (E*,ﬁ*), i.e., in the interior of the experimentation region. For an interval

where this is the case, we will obtain a differential equation for A(p) and furthermore an
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equation that expresses V(p) as a function of A(p). We begin with the latter. To state
the result in concise form we define do so we first define
CA) =T"(M) A

AN = T rarra—Tpy W4 BA=

1 - T'()\)
TO) — TN A+r(1—T'(\)

A basic observation that we will use at several points is that these two functions are

(inverse) U-shaped with (maximum) minimum at A = 7.

Lemma 12. If Assumption 1 is satisfied,
AN > ()0 <= BN <(>)0 <= > (<)

Proof. The Lemma follows from straightforward algebra which we omit here. m

Lemma 13. Suppose Assumptions 1 and 2 are satisfied. If p € (0,1), V(p) is continuously
differentiable at p and satisfies (15) with maximizer A(p) # -y, then

V(p) > A(X(p))u — B(A(p)) ¢ > U(p) (22)

If X satisfies (16) at p, then the first inequality binds. The statement continues to hold if
we replace V', A, and (15), by Vi, Ay and (18), or V_, A_ and (19).

Proof of Lemma 13. We define the LHS of (16) as

X =@p+A-=pI'\)@-V(p)) —p(l—=p)(1 =T"(\)V'(p) (23)

Eliminating V'(p) from (17) and (23) we obtain an expression for V(p) in terms of A(p)

and X:
X (A=T(A(p)))

V(p) = A()\(p))ﬂ - B()\(p)) c+ F(/\) — F’()\) N+ (1 — F’()\))

If A(p) is a maximizer in (15), we must have

>0 ifA=1,
Xq4=0 if A e (0,1),
<0 ifA=0.

Since A = 1 implies A — I'(A(p)) > 0 and A = 0 implies A — I'(A(p)) < 0 we have
V(p) = A(A(p))u — B(A(p)) ¢

and the inequality holds with equality if X = 0 which is equivalent to A satisfying (16).
This proves the first inequality and the first statement.
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The second inequality follows from Lemma 12 and A(y)uw — B(y)c = U(p), which is
obtained from straightforward algebra. It is straightforward to adapt the proofs to V.
and V_. O

Using Lemma 13 we can obtain an ODE for A that holds whenever the optimal policy

is interior, i.e., it satisfies (16).

Lemma 14. Suppose Assumptions 1 and 2 are satisfied. If p € (0,1), V is continuously
differentiable at p and satisfies (17) and the mazimizer is X\(p) # v and satisfies (16) at
p, then

_ e+ A=) "A@)= T"(A(p) Alp) + (1 = T'(A(p)))]
p(1 —p) (C(A(p)) — Alp)) T (A(p))

The statement continues to hold if we replace V' and A\, by V. and Ay, or V_ and A_.

X(p) (24)

Proof of Lemma 1. If X\(p) #  satisfies (16), then by Lemma 13

V(p) = A(Ap))u — B(A(p)) ¢
and  V'(p) = A'(A(p)N (p)u — B'(A(p) X (p) ¢,
Inserting these two equations in (17) and solving for X' (p) we get (24) O

Next, we state a Lemma that identifies conditions under which the solution to (24)

remains bounded away from A =0 or A = 1.

Lemma 15. Suppose Assumptions 1 and 2 are satisfied. Then there exists values p' > 1/2
and p° < 1/2 such that

1 = {Np <0 < p<p'},
AMp)=0 = {N(p) >0 < p>p’}.

Proof. Inserting A(p) =1 in (24) yields

(p+ (1 —-p)l"A)) (r — (1 = n)I"(1))

Xp) = - p{1 = pIT(L)

Hence X (p) < 0 is equivalent to

Since [IV(1)| > 1 p* > 1/2. The proof for A(p) = 0 is similar. O

Next, we show the following property that relates sufficiency of the FOC (16) to

convexity of the value function.
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Lemma 16. Suppose Assumptions 1 and 2 are satisfied.

(a) Let W : [0,1] — R be weakly convezr and satisfy W (p) = U(p) or neighborhoods of
0 and 1. Then H(p, W(p), W'(p),\) is weakly concave in X for all p and strictly
concave whenever W(p) > U(p).

(b) Let A(p) be a solution to (14) such that A(p) € (0,1) at some p. Let

() = (r+0OT'(0)
(r+ OT'(0) — (r +T(0))

Then

0" AP = BAP))d - if A(p) > v and p < 7(A(p))
op* - A(p) < and p < 7(A(p))
7(l) > 1/2if > and 7(0) < 1/2 if £ < 7.

Proof. 1. Some algebra yields

O*H (p, W (p), W'(p), \)
ON2

<0 <= W(p) —pW'(p) <u.

The latter inequality is satisfied under the assumptions on W and both are strict if
W(p) > Ul(p).
2. Differentiating A(A(p))u — B(A(p))c with respect to p, substituting X' (p) from (14)

and differentiating again yields (after some algebra):

9 [A(M(p))u — B(X(p))c]
op?
(p* — (1 =p)’T'(A(p))) (r + T(A(p)) = (r + A(p))I"(A(p)))
p(L—p) (r+pA(p) + (1 = p)T'(A(p))) I"(A(p))

<0

> N (p)

— —

Substituting X' (p) from (14) in the last line and rearranging we get

(Ap) =T(AP)) (p[r +TA@)]+ (1 —=p) [r + A(P)] T'(A(p))) < 0.

Solving for p this yields an upper bound if A(p) > 7 so that the first term is positive and
a lower bound if A\(p) < . The bound is 7(A(p)) in both cases. If £ > v > I'(¢) we have

0
r+T(0))

|
r+ /)

B (r+0)|T
”W‘wr+awun+
(r+0)|T"(¢
(r+0)T7(0)| +
_ )]
|T(0)] + 1
>1/2

~ TN~

—
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where the last step follows because Assumption 1 implies that [[(¢)] > 1 if £ > ~.
Similarly we obtain m(¢) < 1/2if £ < ~. O

D.4 Solution Candidates
D.4.1 Contradictory Evidence

The first candidate is obtained by assuming that the DM uses a “contradictory” attention
strategy. This involves seeking evidence contrary to the current belief. In contrast to the
baseline model, where we choose A € {0,1}, we will now also use interior values for A.
What remains true is that for the contradictory attention strategy, the arrival rate of signal
that would contradict the current belief is higher. For instance, for low posterior beliefs
p, the contradictory strategy involves A > 7. We have already identified the boundaries

of the experimentation region.

Lemma 17. Suppose (EXP) is satisfied. Then p* and p* satisfy

. { (p+ TN = p)) (7~ Uy(p)) }} 25)

U < s { (Ap+ mzu —p)) (@~ Ua(p)) }} @)

p* i=inf {p € [0,5)

p* :=sup {p € (p, 1]

and the maximizers on the right-hand side are given by X = 1 and X = 0, respectively.

Moreover,

The first inequality is strict if and only if I'(1) is finite. The second is strict if and only
if I'(0) < 0.

Proof of Lemma 17. We only give the proof for p*, the other case is symmetric. Consider
the maximization problem in (25). The derivative of the objective function simplifies to
p (@ —u). Therefore we can set A = 1 and (25) reduces to the definition in the baseline
model. (To obtain the definition in the baseline model we substitute A = 1 and A = 0 in
(14) and use Assumption 2.)

The first inequality is equivalent to

1
A+ —r ="

which holds under Assumption 1. The inequality is strict iff IV(1) is finite. The second
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inequality is equivalent to
I"(0)

— <0

L+r—7rI"(0) —

which is strict iff IV(0) < 0. O

We are now ready to define the contradictory strategy. Given that we impose Assump-
tion 1, we describe the construction for the left branch which is used for p < 1/2. There
are up to four intervals where the contradictory strategy takes a different form. First, for
p < p*, the DM takes immediate action. Then there is an interval (p*, ¢%] there the DM

uses the contradictory strategy from the baseline model. gb is given by

aH(qb> ch(ﬂb)a K/cf (gb)a 1)

O\ =0

Rearranging this we get

r F/ b b * r
r El(—;+)r)§‘g/()gb) +q"+ (1 _Qb) (1 gbc_] 1 %E*> =0

Which is equivalent to

V(") = AMU*(¢") = B(1)e.

By Lemma 17, ¢* = p* if I'(1) is infinite and otherwise ¢* > p*. If ¢ > 1/2 we define
the contradictory strategy as in the baseline model. If gb < 1/2, Lemma 15 implies that
N(g®) < 0 if we impose the boundary condition A(¢") = 1. Denote the unique solution
for p > ¢ to (14) with A(¢*) = 1 by A(p;¢*,1). Since by Lemma 15, X'(p;p,1) < 0 for
all p < 1/2, we have /\(p;gb, 1)< 1forpe (gb, 1/2). Finally we need to take care of the
possibility that there exists ¢° € (¢°,1/2] such that A(p; ¢°,1) = ~. If no such ¢* exists we
set ¢° = 1/2. If Assumption 2 is satisfied, a symmetric construction can be used for the
right branch with cutoffs g = 1 — gb and ¢° =1 —¢°.

We thus define the contradictory strategy as follows. For p ¢ (]_9*,?*): take the optimal

immediate action. For p € (]_)*,]_)*), experiment according to the following attention

strategy:
(1, if p € (p*, 4",
Ap;g® 1), ifpe(d ¢,
Xt (p) = 17, if p € (¢°,7°)
Ap;@*,0), ifpeld, ),
1, if p € [¢",P")

\

and take an action corresponding to the signal if one is received. The value of this strategy
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is given by

Ver (), if p<¢’
AP " 1) U (p) = B (Mp; ¢’ 1)) ¢, if p € (¢ ¢°],
Va(p) =3 TU(p), if p € (¢°,7°)
A(Mp; 2", 0) U(p) = B(A(p:7",0)) ¢, ifp € g ¢),

\‘/ct(p% if p> ¢’

where V,,(p) denotes the value of the contradictory strategy from the baseline model.
Note that since we focus attention on the symmetric case (Assumption 2), the belief that
separates the “left branch” and the “right branch” of the contradictory solution is given
by p. Note also, that in contrast to the baseline model, we defined the contradictory
strategy in a way that it is always weakly greater than U(p).

The implied dynamics of the posterior as well as the attention strategy are summarized

by the following diagram (where we omitted the region (¢°,:

information acquisition
7\

- * g b s > —s —b R e
R ey st ey s A L e g i g g
immediate action b A=1 AE[Y,1] A=1/2 A€[0,7] A=0 immediate action a
Lemma 18. Suppose Assumptions 1 and (2) are satisfied. Then VY is continuously
differentiable and convex on [O,gs) and on (g°, 1], respectively, and satisfies 15 on [B*,gs)

and on (q°,p*], respectively.

Proof. We show the Lemma for p < 1/2. The remaining results follow from a symmetric
argument.

We need to show that V} is continuously differentiable at gb. For r > 0, some algebra
yields for p < 1/2?

*

pol-p\y _ .
= <1—£*T) - (I=p)(r =1 +n)I"[1])

Substituting this expression in V'(p) yields

(c+ru) (p+ (1 —p)I'[1])
Va@=AMU*@=BMe — (1 — p)p (r — (1 + r)'[1])
_ 9[A(A(p))u — B(A(p))d]
O\

V' (p)

Alp)=1

2The derivation for r = 0 is similar.
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Convexity on [1_9*, gs} follows from strict convexity of V., (Lemma 5) and strict convexity
of A(N(p))U*(p) — B(A(p))c (Lemma 16.2) and continuous differentiability.

Note that by Lemma 11, it suffices to show that VI satisfies (18) for all []2*, gs) since
Vi(p) > U(p) for p < ¢°. We have derived V] from the first order-condition 16 and
the respective Kuhn-Tucker condition of p < gb. Therefore it suffices to show that the
maximization problem in the HJB equation is concave. By Lemma 16.1, this is the case

since we have shown that V% is weakly convex. ]

D.4.2 Confirmatory Evidence

The second candidate for the value function is obtained by assuming that the DM uses

)

a “confirmatory” attention strategy. This involves seeking evidence consistent with the
current belief. Specifically, we define a “reference belief” p*such that the DM chooses
A <« for lower beliefs p < p* and A >  for higher beliefs p > p*. The implied dynamics

of the posterior as well as the attention strategy are summarized by the following diagram:

R e e

-~ -~

A€[0,7) AE(7,1]

The reference belief is absorbing and we assume that once p* is reached, the DM
adopts the stationary attention strategy A = . Under Assumption 2, we have p* = 1/2.

This can also be derived from value matching
V(p") =Up) (=), (27)

and the tangency condition
(") (=0). (28)

Substituting these two conditions together with A =~ in (16) yields p* = 1/2.3

We would now like to construct the confirmatory strategy in a similar fashion as the
contradictory solution, that is, we will identify two types of regions. If A € {0, 1}, we will
use solutions to (12) or (13) (with A =1, A = 1 and «a replace by A.) On the other hand,
if A € (0,1) we will use solutions to (14) with a suitable boundary condition. A problem
arises since we want to impose the boundary condition A(p*) = 7. Note however that this
implies X' (p*) = 0/0. We therefore begin by identifying a solution to (14) that satisfies
A(p*) = v as well as N (p*) > 0.

Lemma 19. Suppose Assumptions 1 and 2 are satisfied. Then there exists a unique
continuously differentiable function j\cf (p) which satisfies (24) for all p in an open neigh-
borhood of p* = 1/2, such that \(p*) = v and N (p*) > 0. The derivative at p* is given

3Note that in contrast to the linear model, we cannot use the HJB equation because for A = v, V'(p)
vanishes so that substituting (28) has no bite.
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8(r+1)

/cf(p*) = - (T + /7) + \/(T + ’7)2 - F”(V)

Proof of Lemma 19. The ODE (24) can be written as

where

Q(p, ) =p(1 —p)T"(N) [[(A) = A]

Since P and ) are both continuous and have continuous partial derivatives, the behavior
of solutions that go through points in a neighborhood of (p*, ) is, under some conditions

(see below), the same as for*

- ; (29)

where

a=0,P(p*,7) =4(r+7) >0,
b=0\P(p*,7)=(r+7)I"(v) <0,
c=0,Q(p",7) =0,

4= 0,Q(p" %) = —3T"(3) > 0

The characteristic equation is
2 _
¢ —br —ad =0

Since ad > 0, the characteristic equation has two reals roots of opposite sign. This implies
that (p*,v) is a saddle point and there are two continuously differentiable solutions A(p)
that pass through (p*,v). In the case of a saddle point, the behavior of the solutions
of (29) in a neighborhood of (p*,~) corresponds to the behavior of the solutions to (24).
Hence there exist two continuously differentiable solutions A(p) that satisfy the boundary
condition A(p*) = 7.

Next we want to obtain X' (p*) for these solutions, and show that only one of them has

4See e.g. “Handbook of Mathematics”, Bronshtein et al. (2007).
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a positive derivative. We have

N(p*) = lim N(p) = lim —~E
(07) = Jim Ap) = Jim =0

Hence X (p*) solves

b b\’ a
roox\ 2 e “
NP =95 % (2d) T3

Since a/d > 0, there is one positive and one negative solution. For the confirmatory

solution, we are interested in a solution that satisfies A'(p*) > 0. Hence we have

ey b b\* 4(r+7)
v =2y (4) + 1o
8(r+7)
()

=—(T+7)+\/(T+7)2—

]

Lemma 19 provides the solution A, which together with V(p) = A(Aes(p))U*(p)
defines V. in a neighborhood of p*. To extend this definition to (0, 1) we first extend 5\0]“
to the maximal interval (gq,q) where Ar(p) € (0,1)\ {7} unless p = p*.

Lemma 20. Suppose Assumptions 1 and 2 are satisfied. There exist two points 0 < q <
p* < q <1 such that
(a) Nef(p) is well defined as the unique C* to (24) that satisfies the properties in Lemma
19
(b) Aes(p) >~ if p >Ap* and Ap(p) < if p < p*.
(¢c) Either ¢ =0 or As(q) = 0.
(d) Either g =1 or A;(q) = 1.

Note that Properties 3 and 4 mean that the interval (¢,q) is the maximal interval
where A.;(p) € (0,1).

Proof of Lemma 20. Consider the interval (¢, p"). Aes(p) € (0,7) in a neighborhood of p*.
Moreover, (24) satisfies local Lipschitz continuity if p € (0, p*) and A # ~. Hence, if there
exists a unique C' solution to (24) with initial condition A.;(p* — ¢) € (0,7) that satisfies
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Aef(p) € (0,7) for all p € (g, p*), then it is the unique such solution. We first show that by
extending the interval from a neighborhood of p* to (g, p*), we do not violate ;\Cf(p) <.
Suppose by contradiction that there exists p’ < p* such that lim,\ j\cf (p) / v. Note
that

P =p) <p"+T'(N(A-p) =0
Hence, since I < 0,lim 5\’Cf (p) — oo which contradicts limy s Acs(p) . Therefore
Ae

#(p) = 0. This
completes the proof for p < p*and the argument for p > p* is similar. n

we can extend the domain of ;\Cf(p) to the left until either p = 0 or

If ¢ > 0 and g < 1, respectively, then we further extend A.;(p) to (0,1) by setting
A=0forp<gand A =1 for p >gq. We define

0, if p <g,
Noer(p) = As(p), if p € (¢,9),
1, iftp>7q.

The value of this strategy is given by

Vo (p; 4, A(0)U*(q) — B(0)e) if p <g,
Vi (p) = As(9)U*(q) if p € (¢,9),
Vi(p;q, A(U*(q) — B(1)c) ifp>7.

Lemma 21. Suppose Assumptions 1 and 2 are satisfied. Then Vcl}(p) is a Ct solution to
(15).

Proof. The proof has several steps. We give arguments for p > 1/2. The Lemma then
follows by symmetry (Assumption 2) and the fact that V;(p) is constructed in a way that
is continuously differentiable at p* (see (28)). Suppose in the following that p > 1/2.

First we note that VCI]; (p) is continuously differentiable. This holds by construction for
p # ¢ and at g it follows by the same argument as in the proof of Lemma 18.

Second, we shows that VCI} (p) is strictly convex. Forp > 1/2, )\Ef (p) > v . Therefore by
Lemma (16), strict convexity on (p*, ) follows if p < w(AL;(p)) for all p € (p*,q). Note that
m(ALp(p*)) = m(7) = 1/2. We show that whenever p = w(A{;(p)), then 7'(AL;(p))AL; (p) >
1. This implies that p < w(A;;(p)) for all p € (p*,7). We have

' (A (P)Aef (") > 1

2—(r+9") 2 8(r+7)
= i 1) (\/(TJFV) _F"—(V)_(T—i_w>>1

— T"(y) <0.
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for p > p*, we substitute p = W(Agf (p)) in (19) which yields (after some algebra)

L' (0) (r + T (A (p) — (r + Acf( ) I'(A\ (1))

(r+ AL, () (r + TOL, () T() > 1

T (AL (p*) A (p*) = 1+

This completes the proof of convexity on (p*,q). For p > @, convexity has been shown in
Lemma 8. Since VCI} (p) is continuously differentiable at p = g, VCI} (p) is strictly convex on
[0, 1].

Third, by Lemma 16.1, convexity implies that the maximization problem in (18) is

concave so that the first-order condition is sufficient. Therefore, V. (p) satisfies (18) or

for p > p*.
Finally, convexity, together with (27) and (28) implies that V_;(p) > U(p) for p > p*.
Lemma 11 then implies that V;(p) satisfies (15). O

D.5 Optimal Solution

As in the baseline model we show that the value function V' is the upper envelope of the

two solution candidates.

Theorem 1. Suppose Assumptions 1 and 2 are satisfied.
(a) If (EXP) is violated then VY (p) = U(p) for all p € [0, 1].
(b) If (EXP) is satisfied and VE(p) > U(p) for all p # 1/2, then VI (p) = VE(p) for all
p € [0,1].
(c) If (EXP) is satisfied and V,; (p) = U(p) for somep # 1/2, then V' (p) = max {V,} (p), Vcl}(p)}

Proof of Theorem 1. Follows from the same arguments as the proof of Theorem 2. m
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E Repeated Experimentation

In this appendix, we describe the construction of candidate value functions for several
cases of the DMs problem if SEP is violated. We use this construction to compute value
functions numerically and verify (numerically) that the HJB equation is satisfied. A
complete characterization of the value function without SEP is beyond the scope of this
paper and left for future research. We restrict attention to the case of symmetric payoffs
(Assumption 2).

The HJB equation without SEP is

ar(p) [max {V(¢*(1), U(¢*(t))} — V(p)]
c+rV(p) =max ¢ +(1—a)A(p) [max {V(¢® (1), U(d® ()} —V(p)] p-  (30)
—p(1 = p)é (2a —1)V'(p)

For future reference we note that

*(p)=1-4¢°(1—p) and ¢*(¢°(p))=p and ¢"(¢*(p)) =p. (31)

We start by describing the construction of the contradictory strategy, assuming that
there is no confirmatory region. Given Assumption 2, we posit that the contradictory

strategy is given by
1 ifpe @*, l} ,
afp) =4 P (32)
0 ifpe [5,1—]_7*].
The boundaries p* and p* = 1 —p* are different from those we obtained in Section 5 when
SEP holds. Indeed, suppose first that p* obtained from (14) satisfies ¢*(p*) > 1 — p*. In
this case, the contradictory strategy does not involve repeated experimentation and SEP

is satisfied. Therefore let us assume that SEP is violated and
¢! (p*) <1 —p* or equivalently p* < 1 — ¢! (p"). (33)

Let us also assume that

) > 5 (34)
Condition (34) implies that receiving a signal under the contradictory policy (32) leads
the DM to either take an immediate action or to switch from seeking A-evidence to B-
evidence (or vice versa). Condition (34) also implies that the confirmatory strategy can
be constructed as in Section 5. We describe the construction of a solutions under the
assumption that (34) holds and will verify that this is indeed the case in our numerical

examples.
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Substituting (32) in (30) yields for p < 1/2:

c+1V(p) = X (p) [max {V(¢*(p)), U(¢*(p))} = V(p)] — p(1 — p)dV'(p), (35)

and for p > 1/2

c+rV(p) = A (p) [max {V(¢”(p)), U(¢"(p)} = V(p)] +p(1 = p)dV'(p). (36)
Now suppose we fix some p* and p* = 1 —p*. Then by (31), the continuation value in
(35) is

A if % B (mx
was V(e (), U )} = 4 ) TP e @)

and in (36) it is

max {V(qB(p))a U<qB(p))} -

Note, that ¢*(p) € [¢*(p*),7*] if p € [p*,¢®(")] and ¢®(p) € [p*,¢®(@")] if p €
[qA(B*),T)*}. Therefore, for a prior belief in the repeated experimentation region R :=
[Q*, q? (ﬁ*)} U [qA(g*),]_?*}, the posterior never leaves this region unless it reaches one of
the absorbing points p* and p*. R is absorbing and we therefore begin by determining p*
and p* together with V(p) for p € R.

The main difficulty is that value of the contradictory solution is jointly determined by

the functional differential equations

c+rVi(p) = M) [V(e*(p) — V(p)] — p(1 = p)§V'(p), (37)

for p < 1/2 and

c+rVip) =N (p) [V(d"(p) — V(p)] +p(1 = p)sV'(p), (38)

for p > 1/2. We transform these into a pair of ODEs. To do so, we first transform the
belief p into a two dimensional state variable (d, p) € {—1,1} x [p*,¢?(p*)] as follows

(-1,p)  ifpe [p*,¢®(®)]

pr—rp=
(1,¢%(p)) ifp € [¢*(p). D]

Note that for d = —1 we have ,
pr = Pr = —pe(1 —pi)d = —pe(1 — py)6
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and for d = 1 we have

Pt = QB(pt)
— pe = q" (p)py
A (Apt +A(1- Pt)) + Apy (X - A)
(Apt +A(1 - pt>)2
ApeA(1 = py)
(Apt +A(1— Pt))2
= P = —QB(pt) (1 - QB(Pt)) 0
= pr=—p(1—p:)o

= p=— 5Pt(1 )

= =

and

a*(pe) = ps
= ¢"(p)pr = pr

Moreover we define W(—1,p) = V(p) and W (1, p) = V(¢*(p)) which yields

W1, =20 vy
w,(Lp) =P a2 (0)

Substituting this in (37) and (38) and using V(p) = V(¢*(p)) in (38), we obtain

¢+ TW<_17 P) = )‘A(p) [W(l,p) o W(—l,p)] o p(l o p)éWp(—l, P), (39)
c+1W(Lp) = X (q*(p)) W(=1,p) = W(L,p)] + p(1 — p)dW,(1,p).  (40)

(39)—(40) is a system of ODEs in the two function W (1,-) and W(—1,-) for p € [p*, ¢®(p")].
We have boundary conditions given by W (—1,p*) = V(p*) = Up(p*) and W(1,¢"(p")) =
V(p*) = U,(p*). For given p* and p* = 1—p*, we can solve (39)-(40) with these boundary
conditions and denote the solution by W (d, p;p*). To pin down p*, we impose a smooth

pasting condition on V(p) at p*:
rUy(p") = M (p") [V(¢" (7)) = Up(p")] — p"(1 = p")d" Uy (p").
For given p* this imposes a restriction on the solutions of the pair of ODEs:

W(=1,¢"(0")) = V(¢"(@")) = V(¢ (p") = W(1,p")
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add ”jump”

*/_M —% ~ * —k
| P ") —po—p— ¢* (") — ¢*(p1) — P —q" (po)—|
pZOT/—b/ Vl g ~ _/ \_t\/—ll
action a= a=0 action a

(a) contradictory strategy with repeated experimentation

confirmatory region
7\

| P —¢P(p) —p——p —«—D— ¢ (p*) — "
— —— 1

p=0">—~—"\ ~~

action b a=

~
a=0 a=1 a=

—

0 action a

(b) contradictory and confirmatory strategy with repeated experimentation (no jumps
into confirmatory region)

* B (= * — A %
— —p—>— P —<—]p— —
p:(l) p q”(p) <— p; D" P—q"(p) —D l

action b a=1 a=0 a=1 a=0 action a

(c) contradictory and confirmatory strategy with repeated experimentation (jumps into
both confirmatory and contradictory region)

B(=\ % * — —x A
p:(lJiq (P)—p \<—1%,g‘—>0—>,p ‘<—1%,p\—>0—>,p q (Jg)il
a= a= a= a= v

action b action a

(d) contradictory and confirmatory strategy with repeated experimentation (no jumps
into contradictory region)

Figure 3: Repeated Experimentation

_ ) 4 ) (= )

In order to determine p* we solve for W (—1,¢%(p*);p*) = W(=1,1 — ¢*(p*);p") as a
function of p*, and then search numerically for a value p* for which the smooth pasting
condition is satisfied. In this way we determine the repeated experimentation region R
and the value function in this region.

To complete the construction of the value function we solve 9 with a = 1 and boundary
condition V(1 — ¢*(p*)) = W(=1,1— ¢*(p*); p*) for p € [¢®(p*),1/2] and 9 with a =0
and boundary condition V (¢*(p*)) = W(1,p*;p*) for p € [1/2,¢*(p*)]. Combining this
with the value function on R, and using V' (p) = U(p) for p ¢ @*,ﬁ*}, we obtain the value
function for the contradictory solution which we denote by V., (p).

If V;*(p) > Vis(p) for all p € (0,1), where V.¢(p) is the value of the confirmatory
solution defined as in Section 5, we conjecture that V_,” is the value function of the DM’s
problem with repeated experimentation and the optimal policy is of the form described
in Panel (a) of Figure 3.

We verify numerically that the conjectured value function satisfies the HJB equation.

In Panel (a) of Figure 4, we give an example of this case.
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Figure 4: Value functions and optimal policies with repeated experimentation. ¢(p) is the
posterior belief after a signal is observed at p if the DM uses a(p).

Common parameters: A\=1,A=.2,r=0, =1, u=0

Grid lines at: p*, p, 1/2, p, p* (left to right and bottom to top).

If VP (p) < Ver(p) for some p € (0,1) but V;*(p) > Vep(p) for all p € R, we conjecture
that the value function is given by max {V,,*(p), Ves(p)}. Again we verify numerically,
that this candidate satisfies the HJB equation. In Panel (b) of Figure 4, we give an
example of this case.

Two further cases arise if condition (34) is satisfied. First, we consider the case depicted
in Panels (c) of Figures 3 and 4. This coincides with the example discussed in Section
6. In this case, the value of the confirmatory strategy can still be computed as in the
baseline model. The repeated experimentation region is identical to the contradictory
region. For more extreme beliefs p € (1_9*, q? (ﬁ)) U (qA(]_)),]_o*), receiving a signal leads to
a posterior in the confirmatory region. The continuation value is thus known from the
confirmatory strategy. and the value of the contradictory strategy can be obtained by

solving the following two differential equations.

c+rViT(p) = M(p) [Ver(a*(p) — VaT(p)] — p(1 — p)dVa™ (p),

with boundary condition V(p*) = Uy (p*) for p < 1/2, and

c+rVaT(p) = A (p) [Ver(q® (p)) — V™ (p)] + p(1 — p)Vi™ (p),
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with boundary condition V(5*) = U,(5*) for p > 1/2. We call these solutions V1!
(p < 1/2) and Vztepl (p > 1/2), respectively.

To determine p* and p*, we use indifference conditions as in the case where SEP
holds—i.e., (1 1) and (15)— but replace Us (¢ (p")) by Ver (¢ (p*)) and Uy(q” (p)) by Ver(a” (p))-

For p € ( ) ( p ) receiving a signal leads to a jump of the belief back into
(qB (P), 1_9) U (p, q (_)) Therefore we obtain the value function in this domain from a so-
lution to (39)—(40). We use a similar construction as in cases (a) and (b) to determine the
boundary points a* = ¢”(p) and @* = 1—a* = ¢**(p) (this also determines p, p). Instead of
a smooth pasting condition we now want to find a* such that the solution to (39)—(40) with
boundary conditions W (—1,a*) = V' (¢*) and W (L, ¢?(a@*)) = V"' (¢®(a@*)) satisfies a
value matching condition:

V(g (@) = W(1,a")

and similarly
Ver(¢” (@) = W(-1,¢"(@)).
These conditions allow us to pin down a*. We then have

¢

Us(p) if p<p*
Vatip)  ifpe(praf]
W(-1,p) ifpé€(a’p|
Vil (p) = < Vis(p) if p € (p, D
W(1,¢%(p)) ifp € (p,a’]
Vi) ifpe (@]
Ua(p) if p e> p*.

\

Again we verify numerically, that this candidate satisfies the HJB equation. In Panel (c)
of Figure 4, we give an example of this case.

The last case is depicted in Panels (d) of Figures 3 and 4. This case is simpler because
the intervals (¢*, p| and (p, @] are empty and any signal in the contradictory region leads
to a jump into the confirmatory region. Therefore this case does not require a solution of
the system (39)—(40).

The examples we have provided here are relatively tractable because the value of the
confirmatory strategy can be computed as in the case where SEP holds. Moreover, we
have imposed symmetry which (a) simplifies the transformation of the functional equations
that arise from the HJB for the contradictory solution to a system of ODEs and (b) allows
us to search for a single boundary point at a time (p* or a¢*, depending on the case). We
leave a full characterization of the solution in under these assumptions, as well as an

extension of the construction to the case where the confirmatory region overlaps with the
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repeated experimentation region for future research.
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